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Abstract
The game of cops and robbers is a pursuit game on graphs where
a set of agents, called the cops try to get to the same position of
another agent, called the robber. Cops and robbers has been studies
on several classes of graphs including geometrically represented graphs.
For example, it has been shown that string graphs, including geometric
graphs, have cop number at most 15 [4]. On the other hand, little is
known about geometric graphs of any cop number less than 15 and
there is only one example of a geometric graph of cop number three
that has as many as 1440 vertices [2]. In this paper we present a
construction for subdividing planar graphs of maximum degree ≤ 5
into geometric planar graphs of at least the same cop number. Indeed,
our construction shows that there are infinitely many planar geometric
graphs of cop number three. We also present another construction
that consists in clique substitutions alongside subdividing the edges in
a planar graph of maximum degree ≤ 9, resulting in geometric, but
not necessarily planar, graphs of at least the same cop number as the
starting graphs. Finally, we present a geometric graph of cop number
three with 440 vertices.
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1 Introduction
A game of cops and robbers is a pursuit game on graphs, or a class of graphs,
in which a set of agents, called the cops, try to get to the same position as
another agent, called the robber. Among several variants of such a game, our
focus will be on the one introduced in [1], which is played on finite undirected
graphs. Hence, we shall simply refer to this variant as “the” game of cops and
robbers. Let G be a simple undirected graph. Consider a finite set of cops
and a robber. The game on G goes as follows. At the beginning of the game
(step 1) each cop will be positioned in a vertex of G and then the robber
will be positioned in some vertex of G. In each of the subsequent steps each
agent either moves to a vertex adjacent to its current position or stays still,
with the robber taking turn after all of the cops. The cops win in a step i of
the game if in that step one of the cops gets to the vertex where the robber
is located. The minimum number of cops that are guaranteed to capture
the robber on G in a finite number of steps is called the cop number of G
and denoted C(G). Graph G is said to be k-copwin (k ∈ N) if C(G) ≤ k.
Since the cop number of a graph is equal to the sum of the cop numbers of
its components, whenever the cop number of a graph G is concerned G is
considered to be connected, unless otherwise is stated. Among the class of
graphs with a bounded cop number one can mention the class of trees, which
can easily shown to have cop number one, and the class of planar graphs,
which have cop number at most three:
Theorem 1 ([1]). For every planar graph G one have C(G) ≤ 3.
Our results in this paper concern a class of geometrically represented
graphs, known as geometric graphs. A geometric graph is a (drawing of a)
graph having a finite subset V of the plane as its vertex set, and whose edge
set consists of line-segments between all pairs of distinct points in V with
Euclidean distance less that or equal to a positive constant r, called the
parameter of the geometric graph. As such, ahead of determining whether a
given drawing of a graph is geometric we need to fix its prospective parameter
r, in which case r shall be referred to as the parameter of the geometric
graphs. A path drawn in the plane as a geometric graph is called a geometric
path. Geometric graphs constitute a proper subclass of string graphs, as the
intersection graphs of strings (or curves) in the plane. It has been shown
that C(G) ≤ 15 for every string graph G [4], but there is no geometric graph
known to have the cop number ≥ 4. On the other hand, in [2] the authors
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provide a geometric graph on 1440 vertices with cop number three. Indeed,
they represent a planar graph with girth five and minimum degree 3 as a
geometric graph and use the following fact which gives a lower bound for cop
number of graphs having girth ≥ 5:
Proposition 2 ([1]). For a graph G with minimum degree δ one has C(G) ≥ δ
provided the girth of G is at least 5.
Our main results in this paper are as follows:
Theorem A. Every planar graph G with maximum degree ∆ ≤ 5 has a
subdivision into a planar geometric graph with cop number C(G) or C(G) + 1.
Theorem B. For every planar graph G with maximum degree ∆ ≤ 9, there
is a subdivision of K(G) with cop number ≥ C(G).
Note that either result can be used to construct geometric graphs of
cop number three. The construction provided in the proof of Theorem A is
based on obtaining a polygonal-curve embedding from a given straight-line
embedding of G and then subdividing the edge-curve equally such that with
an appropriate parameter for the geometric graphs, the resulting embedding
is geometric. The latter, for example, requires that no subdividing vertex
on an edge-polygonal curve be adjacent to a vertex belonging to another
edge-polygonal curve. The latter, in particular, requires the angle between
any two segments incident with a vertex of G be greater than pi/3. We
use the same idea together with the operation of clique substitution for the
construction in the proof of Theorem B.
Definition 1 (Clique Substitution). [5] Let G(V,E) be a graph and v ∈ V (G).
The clique substitution at v is the graph obtain from G by replacing v with a
clique of size |NG(v)| and matching vertices in NG(v) with the vertices of that
clique. The clique substitution of G, denoted K(G), is the graph obtained
from G by performing clique substitutions at all vertices of G. We refer to a
clique substituted for a vertex of G as a knot (of K(G)).
Finally, utilizing the method of proof of Theorems A and B, we provide a
representation of a graph on 450 vertices and cop number three as a geometric
graph, which is substantially smaller than the 1440-vertex geometric graph of
cop number three presented in [2]. More specifically, we show the following:
Theorem C. The graph G obtained by subdividing every edge of the dodeca-
hedron into 15 edges has got cop number 3; moreover, it admits a geometric
representation.
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2 Proof of Theorem A
Given a planar graph G with ∆(G) ≤ 5, we first identify it with any of its
straight-line embeddings, which exist according to Fa´ry’s Theorem [3]. Then,
if necessary, we replace the endings of edge-segments with a polygonal curve
of at most five segments in such a way that in the resulting polygonal-curve
planar graph the angle between any pair of consecutive edges at a vertex is
greater than pi/3 and in every edge-curve, both of the angles between any two
consecutive segments are also greater than pi/3. Finally, we shall show that in
such a polygonal-edge embedding of G all edge-curves can be subdivided into
paths of some fixed length so that the resulting graph is geometric. Thus, we
can use the following lemma to establish Theorem A.
Lemma 3. [5] Let G′ be the subdivision of a graph G obtained by replacing
every edge of G with a path of length l for some fixed l ∈ N. Then,
C(G′) ∈ {C(G), C(G) + 1}. (1)
Lemma 4. Let A and B be two points in the plane having Euclidean distance
1, and let S be the square having AB as a diagonal. Then, given k ∈ N, the
parameter r of geometric graphs can be set so that for each integer l between
5k + 1 and 4k2 + 6k + 1 there exists a geometric path (i.e. a path drawn as a
geometric graph) of length l between A and B having no vertex outside of S.
Proof. Consider the Cartesian coordinate system where A = (0, 0) and B =
(1, 0), and let C = (1/2, 1/2) and D = (1/2,−1/2) be the other corners of S.
Given k ∈ N let
αk = sin
−1
(
1
2(2k + 1)2
)
(0 < αk < pi/2). (2)
Observe that since sum of the squares of (4k+1)/(4k+2) and 1/(2(2k+1)2) is
less than one, we have cosαk > (4k+1)/(4k+2) and, hence, (2k+1) tanαk <
1/(4k + 1). We let the parameter of geometric graphs be rk given by
rk =
√
2
4k
(1− (2k + 1) tanαk) . (3)
As such, we will have
rk >
√
2
4k + 1
. (4)
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Moreover, we set the vectors
~Xk = 〈cos (pi/4− αk), sin(pi/4− αk)〉, (5)
~Yk = −〈cos (pi/4 + αk), sin(pi/4 + αk)〉, (6)
and let γk be the polygonal curve from A to B consisting of k + 1 line-
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Figure 1: The polygonal curve γ1 consisting of five line segments: e1 and e5
parallel to X1, e3 parallel to Y1, and e2 and e4 of length r1.
segments parallel to ~Xk, called ~Xk-segments, each from a point on AD to a
point on BC, k line-segments parallel to ~Yk, called ~Yk-segments, each from a
point on BC to a point on AD, and 2k line-segments of length rk parallel
to the directed line-segment from B to C, called flat segments, such that
the initial and terminal segments of γk are ~Xk-segments, and each of the
first k ~Xk-segments in γk is followed by exactly one flat segment which itself
is followed by a ~Yk-segment, and, likewise, each of the Yk-segments in γk
is followed by exactly one flat segment which is itself followed by an ~Xk-
segment- see Figures 1 and 2 for examples. We call any of the k three-segment
subcurves of γk starting with an Xk-segment a dent of γk. By (3), we have
2rk <
√
2/2. Moreover, with l being the common length of Xk-segments and
Yk-segments (which can reasonably be referred to as slant segments) we have
5
e
7
e
1
e
2
e
4
e
5
e
6
e
8
e
9
e
3
A B
Figure 2: The polygonal curve γ2 consisting of nine line segments: X2-
segments e1, e5, and e9, Y2-segments e3 and e7, and flat-segments e2, e4, e6
and e8 of length r2.
l =
√
2/(2 cosαk) < (2k + 1)
√
2/(4k + 1). Hence, according to (4), we obtain
2rkk <
√
2
2
< l < (2k + 1)rk. (7)
Consequently, with rk as the parameter of geometric graphs, each of the slant
segments of γk can be subdivided into a geometric path of length 2k + 1.
Thereby, as γk consists of 2k flat segments of length rk and 2k + 1 slant
segments, it can be subdivided into a geometric path of length (2k+1)2+2k =
4k2 + 6k + 1. We shall denote such a geometric path also by γk. Hence, to
complete the proof it suffices to show the following:
Claim 1. Given any dent D of γk and for each s ∈ [2 ··(4k + 2)], one can
delete some vertices of D and then introduce one or two new vertices inside
D to make D into a geometric path of length s. Moreover, such a change can
be made into each of the dents of γk so that the entire resulting path will
stay geometric. In particular, any integer between 5k + 1 and 4k2 + 6k + 1
can be attained as the length of a geometric path between A and B having
no vertex outside of S.
Proof of Claim 1. Let p0, . . . , p2k+1, q2k+1, q2k, . . . , q0 be the sequence of vertices
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in D and let s = 2t+ 1 or s = 2t+ 2 for some t ∈ [0 ·· k]. Furthermore, let w
be the intersection of the segments ptqt+1 and qtpt+1 and pick points p
′ and
q′ on the segments pt+1w and qt+1w such that dE(pt, q′) = dE(qt, p′) > rk and
dE(p
′, q′) ≤ rk (Fig. 3). Observe that the paths with sequence of vertices
p0, . . . , pt, w, qt, . . . , q0 and p0, . . . , pt, p
′, q′, qt, . . . , q0 are geometric. Hence, to
obtain the desired length s it suffices to remove all vertices pi, qi with i > t
from D, and according as s = 2t + 1 or s = 2t + 2, add w or both p′ and
q′. Note that the newly added vertices will be at a distance greater than rk
from vertices of γk which are not in D. Hence, all of the dents of γk can be
adjusted this way while keeping the resulting path geometric. Since the last
Yk-segment of γk and k of the flat segments of γk are in no dent and any dent
can be reduced to a geometric path of any length between 2 and 4k + 2 or
kept at the original length of 4k + 3, γk can be adjusted to a geometric path
of any length between 2k + (2k + 1) + k = 5k + 1 and 4k2 + 6k + 1.
w
p′ q′
pt+1 qt+1
pt qt
Figure 3: Adjusting the length of a dent
Claim 1
The following two technical lemmas will serve to justify that the proposed
alterations of the terminal parts of edges of G in the proof of Theorem A will
keep the graph geometric without adding too many segments.
Lemma 5. Let O be a vertex of degree at most five in a straight-line plane
graph G. Let H be the collection of all sets H of six distinct rays emanating
from O such that the angle between any consecutive pair of rays in H is pi/3.
7
For every H ∈ H let σ(H) be the number of edges of G incident with O
making an angle ≤ pi/37 with a ray in H. Then min{σ(H) : H ∈ H} = 0.
Proof. Let x = min{σ(H) : H ∈ H}. Note that one can rotate the rays of
any H ∈ H to obtain some H ′ ∈ H satisfying σ(H ′) ≤ 5 − σ(H); hence,
x ≤ 2. Consider some L ∈ H with σ(L) = x, and set α = pi/18. Note that if
an edge incident with O makes an angle ≤ pi/37 with a ray in L, then any of
the 10 rotations of H about O by ±α, ±2α,±3α, ±4α, and ±5α puts that
edge in an angular distance greater than pi/37 from any ray in L. According
to this observation,
• we have x 6= 2, for otherwise rotating the rays of L by 2α would leave
no more than one edge incident with O within angular distance of pi/37
to a ray of H, a contradiction; and
• we also have x 6= 1, for otherwise if one applies five consecutive rotations
of all rays in L about O by pi/18, after each of the rotations at least
one new edge has to be placed within angular distance of pi/37 to a ray
in L, requiring deg(O) ≥ 6, a contradiction.
Hence, x = 0.
Lemma 6. With the assumptions and notation of Lemma 5, let L ∈ H such
that σ(L) = 0; and let H1 and H2 be distinct regular hexagons with center O
and side length l1 and l2 (with l1 > l2) and corners on the rays of L. Then
for every edge e incident with O one can pick pi(e) ∈ {1, 2} and replace the
segment of e inside Hpi(e) with a simple polygonal curve αe consisting of at
most four line segments: a line segment Ce that connects O to a point Qe on
the boundary of Hpi(e), together with a connected portion of the boundary of
Hpi(e) comprising at most three line-segments, in such a way that the following
hold (see Figure 4 and Figure 5):
a. Every segment of each αe is longer than
spi(e) :=
(
1
2
−
√
3
2
tan(31pi/222)
)
lpi(e)(> 0.093lpi(e)). (8)
b. After replacing the ending of each e with αe, no two consecutive segments
on the polygonal curve representing e have an angle ≤ pi/3.
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c. For every pair e, e′ of distinct edges incident with O both angles (clock-
wise and counterclockwise) between Ce and Ce′ are greater than pi/3.
Moreover, the minimum distance between αe and αe′ is at least min{(
√
3/2)(l1−
l2), l2, (
√
3/2)s1, δ} where s1 is given by (8), and δ is the minimum dis-
tance between e1, . . . , e5 outside the smaller hexagon H2.
Proof. For each i ∈ {1, 2} let the Ak,i (k = 1, . . . , 6) be the corners of Hi ,
say, clockwise around O such that for every k, Ak,1 and Ak,2 belong to the
same ray of L. We shall establish the lemma in the following extreme cases;
the other cases can be deals with in a similar fashion.
Case I: deg(O) = 5 and all edges incident with O are between two consecu-
tive rays in L; in other words, all such edges intersect the same side of
Hj (j = 1, 2).
Case II: deg(O) = 5 and no two consecutive rays in L enclose two of the
edges incident with O; in other words, no to edges incident with O cross
the same side of Hj (j = 1, 2).
Let e1, . . . , e5 be the edges incident with O in the clockwise order around O,
and for each i ∈ [1 ·· 5] and j ∈ [1 ·· 2] let Ci,j be the intersection of ei with
the boundary of Hj. We also denote every Qei simply with Qi.
Handling of Case I: Suppose e1, . . . , e5 cross sides A1,iA2,i of Hi (i = 1, 2).
Set pi(e1) = pi(e3) = pi(e5) = 1 and pi(e2) = pi(e4) = 2. Also, set Qe1 , . . . , Qe5
as follows:
• Qe1 = A5,1
• Qe2 : the point on the segment A1,2A6,2 with ](Q2, O,A6,2) = pi/37;
• Qe3 = C3,1;
• Qe4 : the point on the segment A2,2A3,2 with ](Q4, O,A3,2) = pi/37; and
• Qe5 : the point on the segment A3,1A4,1 with ](Q5, O,A4,1) = pi/38.
Furthermore, let αe1 and αe2 be counterclockwise around H1 and H2 , and
αe4 and αe5 be clockwise around H2 and H1. Then, one can easily check that
properties (a)-(c) are satisfied by αeis.
Handling of Case II: Suppose Ci,1 belongs to the side Ai,1Ai+1,1 of H1
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Figure 4: Case I: degG(O) = 5 and all edges incident with O intersect the
sides A1,1A1,2 of H1 and A2,1A2,2 of H2
for each i ∈ [1 ·· 5]. As σ(H1) = 0, we have ](Ci,1, O,Ai+1) > pi/37 or,
equivalently, dE(Ai,1, Ci,1) > s1 for each i ∈ [1 ·· 5], where s1 is in (8). Let
a = min{dE(Ai,1, Ci,1)− s1 : i ∈ [1 ·· 5]}.
Furthermore, to satisfy (a)-(c), for each i ∈ [1 ·· 5] let αi be clockwise around
H1 and pick Qei on the segment Ci−1Ai−1 such that
dE(Qi, Ai,1) =
a(i− 1)
5
.
Proof of Theorem A. Let α be the minimum angle between pairs of edges of
G with a common endpoint, and choose a > 0 small enough so that
• the (minimum) Euclidean distance between any pair of non-incident
edges is greater than 3a; and
• for every v ∈ V (G), the ball of radius 6a centered at v does not contain
any vertex in V (G) \ {v}.
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Figure 5: Replacing the endings in case I with polygonal curves α1, . . . , α5 to
gain the desired properties
Fixing a as such, we break up every edge-segment ei = uv of length, say, li
into three parts, an initial part of length 2a starting, say, at u, a middle part
of length λia where λi ∈ dli/ae− 4a, and a terminal part ending at v which is
(necessarily) of a length between 2a and 3a. Suppose λ1 ≤ · · · ≤ λm where m
is the number of edges of G. Next, we apply Lemma 6 to each vertex of the
graph and with regular hexagons of side lengths a and 1.5a to replace each
of the initial and terminal parts of edge-segments with polygonal curves of
at most five segments, one segment outside the hexagon associated with the
edge-ending and up to four more segments, according to Lemma 6. Note that
for each resulting edge polygonal-curve, the endings will consist of at most 10
segments of a total length less than 15a. Therefore, for each k ∈ N, by using
rka as the parameter of geometric graphs one can replace the endings of each
edge with a total of not more than 10 + 15d1/rke segments, which is bounded
above by 10 + 60k, according to (4). We choose k ∈ N large enough so that
λ1k
2 ≥ 10 + 60k, λ1(3k2 + 6k + 1) ≥ λm(5k + 1),
and
rk ≤ min{2 sin(α/2),
√
3/2(0.093)}.
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Then according to Lemma 4, the middle part of every edge polygonal curve can
be replaced with a geometric path of appropriate lengths (between (5k + 1)λi
and 4k2 + 6k + 1)λi for each part of an initial (Euclidean) length λia, so
that the resulting graph G′ is a graph obtained from G by replacing edges
with paths of the same (graph) length. Moreover, according to Lemmas 4
and 6 and our choices for a and k, G′ is a geometric plane graph. Finally,
C(G′) ∈ {C(G), C(G) + 1} according to Lemma 3.
Corollary 7. There is an infinite family of geometric graphs of cop number
three.
Sketch of proof. Let G be any straight-line embedding of the dodecahedron (or
any other planar graph of cop number three). a planar graph of cop number
three drawing of graph of cop number three. Applying the construction
described in the proof of Theorem A gives a planar geometric graph G′ with a
parameter r, chosen as in the proof of the theorem. Given any k ∈ N replace
every edge e of G′ with a path of k equal-length segments, without changing
the geometry of e. The resulting plane graph Gk will be a geometric graph
with parameter r/k (by construction) and the cop number of three.
3 Proof of Theorem B
Let G be a planar graph such that ∆(G) ≤ 9, identified with any of its
straight-line embeddings in the plane. We shall show how to construct a
subdivision of (a drawing of) K(G) which is geometric and has cop number
≥ C(G), where the latter will be established using Lemma 3 alongside the
following result:
Lemma 8. [5] The operation of clique substitution does not decrease the cop
number.
Proof of Theorem B (Sketch). The techniques are similar to those in the proof
of Theorem A and related lemmas. The construction is carried out in two
main phases:
Phase I: At each vertex v of G we pick a partition of the plane into cones
with apex v and angle 2pi/9, such that one of the edges incident with v lies
on one of the rays of the cones. We also consider four regular 9-gones Πi,v
(i ∈ [1 ·· 4]) centered at v corresponding to the chosen partition of the plane
at v, with distinct side lengths si (independent of v) such that min{si} is
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substantially less that the shortest edge in G. Then, for each edge incident
with v, we replace its end at v with a polygonal curve consisting of a portion
of the boundary of one of the 9-gons and a segment from v that lies on one of
the rays in the decomposition. This phase is implemented in a similar fashion
to the adjustments of the edge endings in Lemma 6, except that with up to
nine possible edges incident with v, one needs to use the boundaries of four,
rather than two, polygons.
GeoGebra Calculette Graphique Accueil  Télécharger
Basic Tools
Edit
Media
Measure
Points
Construct
Figure 6: A and B are two consecutive vertices of a regular n-gon circum-
scribed by the circle of radius r/2 centered at v, and |AA′| = |BB′| = r. We
need |A′B′| > r or, equivalently, n < pi/(sin−1(1/3)).
Phase II: We pick the parameter r of the geometric graphs such that r 
min{si} and r  mini 6=j |si − sj|. Then, we subdivide the edges so that the
second vertices of endings at every vertex form a clique of size degG(v). As
such, by removing the original vertices of G, what we obtain is a drawing of
a graph obtained from K(G) by subdividing edges outside the knots. Finally,
using the technique of Lemma 4 we can adjust the latter graph to a geometric
graph where the edges outsides the knots are subdivided into an equal number
of edges. Note that we need ∆(G) ≤ 9 in order to make sure that subdividing
vertices for different edges incident to a vertex of G do not lie within distance
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r from each other (See Figure 6).
4 Proof of Theorem C
Proof of Theorem C. Since the dodecahedron is a cubic graph with girth
five, we have C(G) = 3, according to Proposition 2; thereby, C(G) ∈ {3, 4},
according to Lemma 3. But being a subdivision of a planar graph, G is planar.
Therefore, C(G) = 3, according to Theorem 1.
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Figure 7: An embedding of the dodecahedron
To complete the proof, we provide a geometric representation of G derived
from a specific straight-line embedding shown in Figure 7. In this embedding,
where number 10 next to some edges refers to their length, we consider five
14
different type of edges represented by AB, AC, CE, DE, and FG. Next, we
replace each of these edge types with appropriate polygonal curves, as shown
in Figure 8, so that the resultant graph remains planar
1.8
D
C
E
GF
B
A
Figure 8: Replacing edges in Figure 7 with polygonal curves embedding of
the Dodecahedron
Finally, we incorporate 14 new vertices along each of the polygonal curves
curve in Figure 8 to made the embedding into a geometric graph. The details
of the latter operations are shown in Figure 9. One can easily check that the
final embedding is indeed a geometric representation of G with parameter
r = 2.
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Figure 9: Subdividing the graph obtain as in Figure 8
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